Abstract. We prove a stronger version of a criterion of rationality given by Ionescu and Russo. We use this stronger version to define an invariant for rational varieties (we call it rationality degree), and we classify rational varieties for small values of the invariant.
Introduction
In [9] , Ionescu and Russo gave a criterion that describes rationality in terms of suitable covering families of rational curves passing through a fixed point x contained in the smooth locus of X. More precisely, they proved that if there exists a family of rational curves V on a projective variety X such that:
i) the curves parametrized by V cover X, ii) all the curves parametrized by V pass through a smooth point x at which are all smooth, iii) the general curve parametrized by V is irreducible and is uniquely determined by its tangent vector at x, then X is rational.
Their criterion leaves open the question whether a global system of parameters can be centered at the point x, that is, if the local ring of X at x is C-isomorphic to the local ring of a point y ∈ P n . Karzhemanov in [10] proved that even smoothness and rationality of X does not guarantee that the local ring of X at any of its point is C-isomorphic to the local ring of a point y ∈ P n . In this note, we address the question and we make their result more precise proving the following: Theorem 2.5. Let X be a projective variety of dimension n. Suppose that a family of rational curves V satisfies the hypothesis i), ii) and iii) above for some point x ∈ X reg . Then x admits a global system of parameters, or equivalently, the local ring of X at x is C-isomorphic to the local ring of a point y ∈ P n . In particular, general curves of the family are naturally identified locally to images of lines in P n passing through y via a birational map X P n .
We would like to point out that Theorem 2.5 was inspired by the criterion for rationality given in the first version of [9] .
A consequence of Theorem 2.5 is that any family of rational curves V satisfying assumption i), ii) and iii) above carries much information on the geometry of X. Namely, the normalization U → U of the universal family U → V is a resolution of a birational map φ : X P n that sends the irreducible curves parametrized by V into lines of the projective space P n (see Corollary 2.7). In particular, to any family of rational curves V as above corresponds a unique birational map φ V : X P n mapping irreducible curves parametrized by V into lines through a point p image of x (here unique is intended modulo isomorphisms of P n ).
Building from this, we define an invariant that can be attached to the variety X in the following way. First, for any family V as above, we define the degree of V as the minimal intersection of the elements parametrized by V with very ample divisors whose complete linear system contains a set of sections defining φ V (Definition 3.3). Then, we define the rationality degree of X as the minimum degree among all the families (Definition 3.5). Note that this is the natural choice when we think the variety X ⊂ P N embedded. Moreover, this invariant at the same time gives us control on the number of components of the reducible curves of V and implicitly carries information on the birational map φ V : X P n induced by V . When the well understood theory of smooth rational surfaces is revisited under this prospective, it turns out that the quadric P 1 × P 1 has rationality degree 2 and the Hirzebruch surface F k has rationality degree k + 1. This shows how this invariant somehow measures the "birational distance" of the variety X from the projective space P n .
We conclude this note by studying rational varieties for small values of the rationality degree. As one can expect, the only variety with rationality degree one is the projective space P n (Proposition 3.8). When the rationality degree is two, we have the following. Theorem 3.9. Let X be a smooth projective rational variety. If the rationality degree of X is 2 then X is one of the following:
In particular, the family V can be embedded in a family of conics in some projective space P N and X is a rational conic connected manifold as defined in [9] . The proof of this theorem uses the results of [9] . Cases b), c), and d) immediately follows from the classification of conic connected manifolds (Theorem 2.2, [9] ). Case a) requires a deeper analysis of the base locus of the map φ V . Note that case a) shows that the hyperquadric Q n ⊂ P n+1 is the only conic connected manifold with Picard number one such that the conics through its general point x are locally images of lines through a point y ∈ P n .
Notation. Through all the paper we use standard notation as in [6] and [13] . All the varieties are defined over the field of the complex numbers C. In particular, we adopt the following:
Chow variety parametrizing 1-cycles with rational components. Chow
Chow variety parametrizing 1-cycles with rational components containing the point x.
i) if U → V is the universal family over V , then the tautological morphism U → X is surjective. ii) all the curves parametrized by V are smooth at the point x. iii) the general curve parametrized by V is irreducible and is uniquely determined by its tangent vector at x.
Proof. Assume X is rational. Fix a birational map X P n . Then the family of rational curves on X induced by the lines through a general point of P n satisfies properties i), ii) and iii) of the statement.
Conversely, suppose that for some x ∈ X reg there exists a family of rational curves parametrized by a closed subscheme V ⊂ Chow rat 1 (X) x as in the statement. Let u : U → V be the universal family and τ : U → X be the tautological morphism. By assumptions τ is surjective and u admits a section S, which is contracted by τ to x. Let Bl x (X) be the blowup of X at the point x = τ (S), with exceptional divisor E ∼ = P n−1 . Due to the smoothness assumption, the morphism τ lifts to a morphism τ : U −→ Bl x (X). Let τ S : S −→ E ∼ = P n−1 be the restriction of τ to S; in particular, a morphism ν : V → E is well defined. The following picture summarizes the situation:
By the surjectivity of the map τ and by condition iii) of the statement, it follows that the morphism τ S is birational. In particular, S is rational. Now consider the normalization U of U . This is generically a P 1 -bundle over the rational variety V with a section. This shows that the variety U is rational. To conclude the proof we have to show that the morphism τ : U −→ Bl x (X) is generically one to one. To this end, consider the tangent space
intersect only at 0, the map τ does not ramify along E. This and the assumption that all the curves parametrized by C are smooth at x show that τ is birational.
Remark 2.2. As pointed out in [9] , if one weakens the condition ii) by only requiring that the general curve parametrized by V is smooth at x, then one gets a criterion for unirationality. Definition 2.3. We say that a point x contained in the regular locus of a rational variety X admits a global system of parameters if there exists a birational map φ : X P n that restricts to an isomorphism in an open neighborhood of x. Remark 2.4. A smooth rational variety for which every point admits a global system of parameters is called uniformly rational (cfr. [2] ). The question whether all smooth rational varieties are uniformly rational was first raised by Gromov in [5] . Recently, Karzhemanov showed that this is not the case providing an example of a smooth rational fivefold that is not uniformly rational (cfr. [10] ). Theorem 2.5. Let X be a projective variety of dimension n. Suppose that a family of rational curves V satisfies the hypotheses of Theorem 2.1 at some point x ∈ X reg . Then x admits a global system of parameters, or equivalently, the local ring of X at x is C-isomorphic to the local ring of a point y ∈ P n . In particular, general curves of the family naturally identify locally to images of lines in P n passing through y.
Proof. We keep the same notation as in the proof of Theorem 2.1. Let U → U be the normalization of U . Let g : V ′ → V be a resolution of singularities and let Z := U × V V ′ be the variety obtained by base change.
is the open subset where g restricts to an isomorphism and U 0 is the universal family over g(V 0 ), then U 0 embeds in an irreducible component Z 1 of Z. By universal property of the fibred product, the projection p : Z → V ′ admits a section E ′ ∼ = V ′ , hence irreducible. Note that E ′ is contained in Z 1 . For any point v ∈ V ′ the fiber p −1 (v) is isomorphic to the rational 1-cycle parametrized by the point g(v) ∈ V . We need to show that the fiber at any point v ∈ V ′ belongs to Z 1 . Fix a point v ∈ V ′ . Let C be a smooth curve through v such that C is not contracted by g and such that g(u) parametrizes an irreducible cycle if u is general in C. Let S be the surface over C obtained by base change from the universal family over g(C). Since the surface S is irreducible and S embeds in Z 1 , it follows that Z = Z 1 .
Note also that E ′ is the pull-back on Z of the exceptional divisor E ⊂ Bl x (X). In particular, Z is smooth along E ′ (being E ′ a smooth Cartier divisor). Let Y → Z be a resolution of singularities that is an isomorphism in a neighborhood of E ′ and let E be the pull-back on Y of E ′ .
Let us fix some notation. Let ψ : Y → X (rest. ψ : Y → Bl x (X)) be the morphism induced by the tautological morphism τ : U → X (resp. by the lift of the tautological morphism τ : U → Bl x (X)). Let p : Y → V ′ be the natural projection and let v : V ′ → P n−1 be the morphism induced by ν : V → P n−1 .
We want to construct a birational morphism ϕ : Y → P n such that: i) the section E is contracted to a point p ∈ P n ; ii) if we look at the morphism ϕ E : E → F ∼ = P n−1 ⊂ Bl p (P n ) (from E to the exceptional divisor F of the blow-up of P n at the point p, induced by the lifting ϕ : Y → Bl p (P n )), then ϕ E = ψ E modulo isomorphisms of E and F ; iii) the morphism ϕ maps every irreducible component of the fibers of Y → V ′ , that intersects E, isomorphically to a line.
Claim 2.6. A morphism ϕ satisfying properties i), ii) and iii) induces a birational map
Proof. Let H be the complete linear system H 0 (P n , O (1)). Note that the map φ : X P n is defined by the birational transform φ −1 * (H) of H. Note that φ −1 * (H) = ψ * (ϕ * (H)), here we use that H is globally generated. Since ϕ * (H) contains a divisor disjoint from E and the inverse image ψ −1 (x) of x is E, the map φ is defined at x and φ(x) = p. Looking at the birational transform on P n of the complete linear system H 0 (X, O X (1)), we get that φ −1 is defined at p and φ −1 (p) = x. In particular, φ is an isomorphism in a neighborhood of x.
The rest of the proof is dedicated to defining the morphism ϕ. Let H be a general hyperplane in E and D = p * (v * (H)) be the pull back on Y of H. We want to show that the morphism ϕ exists and it is given by the complete linear system |D + E|. We proceed by steps.
Step 1. We want to show that
To this end consider the following commutative diagram:
where i and j are the natural inclusions.
By the commutativity of the diagram and the functoriality of the pull-back in the morphisms, we get that
Step 2. We want to show that
Using the projection formula, we have:
. Using projection formula for higher image sheaves, we get:
for i > 0, because R i ψ E * O E = 0 (E being smooth, and hence only with rational singularities).
If we look at the long exact sequence in cohomology induced by the following short exact sequence:
Y being smooth and rational, and since H 1 (E, O E (E)) = 0, from previous discussion).
Step 3. We want to show that
is globally generated, by Bertini's Theorem we can choose a general section D 1 ∈ |D| that is smooth. By construction a smooth section of |D| has to be irreducible. From
Step 2 and from the piece of long exact sequence induced in cohomology by the following short exact sequence:
Replacing Y with D 1 , E with E |D 1 , Bl x (X) with ψ(D 1 ) and E with E ψ(D 1 ) , and using the same argument as above we get that
where D 2 is the general (hence smooth and irreducible) section of
Proceeding by induction on the dimension and observing that n − 1 general sections of
Step 4. We want to show that the linear system |D + E| defines the morphism we are looking for.
Without loss of generality we can choose < ed 1 , . . . , ed n , s > as set of generators for
It is clear that the set of sections < ed 1 , . . . , ed n , s > defines a morphism ϕ |D+E| : Y → P n that contracts the divisor E to a point. Moreover there exists a lift ϕ |D+E| : Y → Bl p (P n ), where p = ϕ |D+E| (E). To conclude the proof we need to show that ϕ |D+E| is generically one to one. By Step 3, the morphism ϕ |D+E| restricted to the general fiber C of p : Y → V ′ is an isomorphism (more precisely it sends C in a line of P n ). Moreover, if we call ϕ |D| : Y → P n−1 the morphism associated to the set of sections
i.e., the morphism ϕ |D+E| is defined over P n−1 . This shows that ϕ |D+E| is birational and it concludes the proof.
Corollary 2.7. If V is a family of rational curves as in Theorem 2.5, then V determines a unique (modulo isomorphisms of P n ) birational map φ V : X P n that maps the general curve parametrized by V into a line through a point p = φ V (x). Moreover, the normalization U → U of the universal family U → V is a resolution of the birational map φ V .
Proof. Let φ V : X P n be the birational map defined in the proof of Theorem 2.5. To see that U → V is a resolution of φ V , it is enough to observe that the linear system |D + E|, defining the morphism ϕ : Y → P n , is the pull-back of a linear system on U .
Assume that there exists a birational map φ ′ : X P n that maps the general curve parametrized by V into a line through a point p ′ = φ ′ (x).
The two birational morphisms φ V and φ ′ induce a birational map f : P n P n . Since the general line through the point p is sent to a line through the point p ′ , the map f is an isomorphism. This concludes the proof of the Corollary. Proof. The "if part" is trivial. If X ∼ = P n , consider the family of lines through a point x ∈ P n .
The following claim is the main ingredient to prove the other implication.
Claim 2.9. If all the curves C of the family V are irreducible then V ∼ = P n−1 .
Proof. The proof is based on a useful remark due to Kebekus, ( [11] , proof of Theorem 3.4), pointed out by the two authors in [9] . Using the same notation as in the proof of Theorem 2.1, suppose that the morphism ν : V → E contracts a curve B ⊂ V to a point e of E ∼ = P n−1 . Take B, the normalization of B, and consider the surface S over B obtained by base change from the universal family over B. Due to the assumption, the projection p : S → B admits a section D; the surface S is irreducible and smooth along D. It is well defined a morphism f : S → X, via composition with the tautological morphism from U to X. The tangent morphism of f induces a morphism f ′ : N D|S → l e , where N D|S is the geometric normal bundle of D in S and l e is the line in the tangent space of X at x corresponding to the point e ∈ E. This tells us that the normal bundle N D|S has to be trivial. Indeed, if N D|S is not trivial, the map f ′ has a zero and the corresponding curve in the family is singular at the point x, against the assumptions. Since N D|S is trivial the map f : S → X is a morphism over a curve B ′ . Since all the curves parametrized by V are irreducible, then all the points of B parametrize the same 1-cycle, a contradiction.
Without loss of generality we can replace the universal family U with its normalization U → U . Since all the curves parametrized by V are irreducible, the universal family u : U → V is a P 1 -bundle over V . Indeed, U is a resolution of the birational map φ V : X P n defined in Corollary 2.7:
Since V ∼ = P n−1 , the curves parametrized by V are in a one to one correspondence with the lines in P n . Any curve C parametrized by V is irreducible and the morphism π : U → P n when restricted to C defines an isomorphism with the corresponding line in the projective space P n .
The section S is contracted to a smooth point by the tautological morphism τ : U → X, hence O S (S) ∼ = O S (−1), and U ∼ = P P n−1 (O ⊕ O(−1)). This means that U is isomorphic to the blown up of P n at one point. Now consider the map τ : U → X ⊂ P N , where we think the variety X embedded in some projective space P N . The map τ is given by some linear system Λ ⊂ H 0 (U, L), where L is a divisor on U . Hence we can write L ∼ = rH + sS for some r, s ∈ Z, where H is the pull back of the hyperplane section of P n via the contraction morphism U → P n . Since S is contracted by τ , it follows that L S ∼ = O S . In particular, we have that s = 0 and r ≥ 1. The morphism τ factors through a morphism t : P n → X:
Since Pic(P n ) ∼ = Z then t is a finite birational morphism. It follows by the normality of X that t is actually an isomorphism. This concludes the proof.
Remark 2.10. Theorem 2.5 and Proposition 2.8 suggest that the closed subschemes V ⊂ Chow rat 1 (X) x as in Theorem 2.1 carry more information about the geometry of X than we can actually understand at this time. Indeed, to such a V corresponds in a natural way a birational map φ V : X P n as in Corollary 2.7. If the curve C v parametrized by a point v ∈ V is reducible, then we can write C v = C v,x ∪ Z v , where C v,x is irreducible and x ∈ C v,x . Theorem 2.5 shows that φ V (C v,x ) is a line in P n and that φ(Z v ) is contained in the indeterminacy locus of (φ V ) −1 . In the next sections we give a notion of minimality for the family of rational curves V and some accessible examples of minimal families are studied. It turns out that in all these first examples the component C v,x of C v (where v ∈ V parametrizes a reducible curve) is a minimal rational curve and ν(v) is a point of the variety of minimal rational tangents at x (cfr. [7] , [8] ). It would be interesting to understand if this is always the case, that is, if the family V is in some sense minimal (non necessarily minimal under our definition) this implies that there exists a family of minimal rational tangents H such that H x is contained in Cvred. C v,x .
Rationality Degree
In this section, as an application of Theorem 2.5, we give a possible definition of rationality degree for a projective rational variety X and we classify rational varieties for small values of the rationality degree.
We saw in the previous section: if a variety X is rational, then for the general point x ∈ X we can find a family of rational curves parametrized by a closed subscheme V ⊂ Chow 1 rat (X) x satisfying the assumption of Theorem 2.1. The family V induces a birational map φ V : X P n . In particular, the normalization U of the universal family U → X is a resolution of φ V . Diagram 1 and Diagram 3 summarize the setting we will work and the notation we will use through this section.
Diagram 1:
In the above diagrams we kept the notation as in Theorem 2.1 and Theorem 2.5.
Remark 3.1. Looking at the Cremona transformations of the projective space P n to itself, one can easily see that, given a rational variety X, for the general point x ∈ X reg there exist infinitely many families of rational curves of arbitrarily large degree satisfying the assumption of Theorem 2.1.
x be a family of rational curves satisfying the assumption of Theorem 2.1 at a point x ∈ X reg . It is easy to see that for the general x ′ ∈ X reg there exists a family of rational curves V ′ ⊂ Chow 1 rat (X) x ′ , satisfying the assumption of Theorem 2.1 at the point x ′ ∈ X, such that: i) V and V ′ are in the same connected component of Chow 1 rat (X); ii) V and V ′ induce the same birational map φ V = φ V ′ : X P n .
Now we are ready to define the rationality degree of X.
Definition 3.3. Let X be a projective rational variety and V ⊂ Chow 1 rat (X) x be a family of rational curves satisfying the assumption of Theorem 2.1 at some point x ∈ X reg . Let φ V : X P n be the birational map induced by V . Define the following set:
where we allow |W | to have a fixed component. Then we call degree of V the minimum of the following set:
Remark 3.4. The set A V is never empty. Let φ : X P n be defined by the subspace W ⊂ H 0 (X, D), where D is a big divisor. Then A = D + B for some very ample divisors A and B. For any section s ∈ H 0 (X, B), we have the injetive homomorphism:
given by multiplication. It is easy to see that φ = φ |W | = φ |µ(W )| .
Clearly, if A ∈ A V and W ⊂ H 0 (X, A) such that φ |W | = φ V , then φ |W | maps the general curve of V into a line. Definition 3.5. Let X be a rational variety. 1) If x ∈ X reg admits a global system of parameters, then we call rationality degree at x the minimum degree among all closed subschemes V ∈ Chow rat 1 (X) x satisfying the assumption of Theorem 2.1. 2) We call rationality degree of X the minimum rationality degree among all the points x ∈ X reg that admit a global system of parameters.
The next Proposition is straightforward, but it shows how the notion of rationality degree well adapts to the well known classification of smooth algebraic surfaces. Proposition 3.6. Let X be a minimal rational surface. Then the following hold:
• the rationality degree of X is 1 if and only if X ∼ = P 2 ;
• the rationality degree of X is 2 if and only if X ∼ = P 1 × P 1 ;
• the rationality degree of X is k + 1 (k > 1) if and only if X ∼ = F k .
Proof. The statement is clear when X ∼ = P 2 and when X ∼ = P 1 × P 1 .
Let X be a F k surface with k > 1. Let f be the general fiber of the projection F k → P 1 and let C 0 be the section with negative self intersection, say C 2 0 = −k. It is well known that N E(X) is generated by the classes [f ] and [C 0 ].
The surface F k can be connected to P 2 via one link of type I and (k − 1) links of type II of the Sarkisov program (cfr. [3] ). Looking at the family V of rational curves on X induced by the lines through the general point of P 2 , we get that the rationality degree of X is at most k + 1 (because the general curve C parametrized by V has class C 0 + kf and the very ample divisor with class C 0 + (k + 1)f is in A V ) .
Every effective curve on X is numerically equivalent to C 0 or aC 0 + bf , with a ≥ 0 and b ≥ ak. Let V be a family of rational curves satisfying the assumption of Theorem 2.5 at some point x ∈ X, C = aC 0 + bf be the general curve parametrized by V and D = αC 0 + βf be an ample divisor. Note that a ≥ 1 and b ≥ k, since V is a covering family and x ∈ C for any [C] ∈ V . Similarly, α ≥ 1 and β > k, being D ample. Rewriting C as
and computing the intersection number, we have:
This concludes the proof.
Remark 3.7. It is not hard to show that the only smooth non minimal rational surface of degree 2 is the plane P 2 blown-up at one point.
The following obvious proposition gives a description of the rational varieties with rationality degree one. Proposition 3.8. Let X be a normal projective variety of dimension n. If the rationality degree of X is 1, then X is isomorphic to the projective space P n .
Proof. There exists a family of rational curves V ⊂ Chow 1 rat (X) x satisfying the assumption of Theorem 2.1 at some point x ∈ X reg . The induced birational map φ V : X P n is given by a linear system Γ ⊂ |A|, where A is very ample and A · C = 1 for [C] ∈ V . Proposition 2.8 applies, since all the curves parametrized by V are irreducible. This concludes the proof.
The study of rational varieties with fixed rationality degree k is related to the understanding of the base locus of the birational map φ V : X P n induced by the family of rational curves V realizing the rationality degree. When the rationality degree has small value, it imposes restrictions to the base locus of the birational map. In Theorem 3.9 we classify smooth rational varieties of rationality degree 2.
Theorem 3.9. Let X be a smooth projective rational variety. If the rationality degree of X is 2 then X is one of the following:
• Q n ⊂ P n+1 , the quadric hypersurface;
• Bl L (P n ), the blow-up of P n along a linear subspace L;
Proof. There exists a family of rational curves V ⊂ Chow 1 rat (X) x satisfying the assumption of Theorem 2.1 at some point x ∈ X. The induced birational map φ V : X P n is given by a linear system Γ ⊂ |A|, where A is very ample and A · C = 2 for [C] ∈ V . In particular, the complete linear system |A| exhibits X as a conic connected manifold in P h 0 (X,A)−1 as defined in [9] .
By Theorem 2.2 in [9] , we have that X must be one of the following: i) a Fano manifold of Picard number one and index i(X) ≥ n+1 2 ; ii) Bl L (P n ), the blow-up of P n along a linear subspace L; iii) P k × P h , with h, k ≥ 1; iv) Z ⊂ P k × P h , where Z is the general section in |O(1, 1)| and h + k ≥ 3; It is easy to see that ii), iii) and iv) are rational varieties of rationality degree 2. By Proposition 3.8, it is enough to produce a family of rational curves V as in Theorem 2.1 and an ample divisor A belonging to the set A V (defined in Definition 3.3) with A · C = 2 (here C is the general curve of V ).
Let X be as in ii), that is, X is the blow-up π : Bl L (P n ) → P n of P n along a linear subspace L. Call E the exceptional divisor and H the pull-back of the hyperplane section. Note that the contraction morphism π : Bl L (P n ) → P n is naturally defined by the vector space H 0 (X, H). Let V be the family of rational curves induced on X by a family of lines in P n through a point x ∈ L. The divisor A = 2H − E is very ample and A·C = 2 (note that the general curve C parametrized by V is the proper transform of a line). If s ∈ H 0 (X, H − E) is a section whose zero locus defines the proper transform of an hyperplane containing L, then the homomorphism given by multiplication by s
shows that A ∈ A V . Assume that X ∼ = P k ×P h , i.e. X is as in iii). In this case X can be obtained by blowing up P h+k along two disjoint linear subspaces, say L 1 ∼ = P h−1 and L 2 ∼ = P k−1 , and blowing down the proper transform of the hyperplane H L 1 ,L 2 containing L 1 and L 2 . Call φ : P h+k X the birational map described in the previous period. If we think X embedded in P (h+1)(k+1)−1 using the Segre embedding, then φ is defined by the space of sections
. Let V be the family of rational curves induced on X ⊂ P (h+1)(k+1)−1 by a family of lines in P h+k through a point x ∈ H L 1 ,L 2 . Note that V is family of conics. To conclude that the rationality degree of X is 2 we need to show that the inverse map φ −1 : X P h+k is defined by a subspace of H 0 (X, O (1)). Note that we can choose a basis of
such that the first h + k + 1 sections are the images of the sections of H 0 (P h+k , O(1)) via the multiplication map
where s ∈ H 0 (P h+k , O (1)) is the section whose zero locus defines H L 1 ,L 2 . Call π the projection from the subspace of P (h+1)(k+1)−1 defined by the equations {x 0 = ... = x h+k = 0} to the subspace defined by the equations {x h+k+1 = ... = x (h+1)(k+1)−1 = 0}. It is not hard to see the π restricted to X is equal to φ −1 . Let X be as in iv). We can think X as the general hyperplane section of P k × P h ⊂ P (h+1)(k+1)−1 . In particular, if φ : P h+k P k × P h is the birational map described above, then X is the proper transform of a hypersurface Y of degree 1 or 2 in P h+k . It is easy to see that, if Y is an hyperplane, then X has rationality degree 2. Assume that Y has degree 1 : P h+k−1 X is birational. It is not hard to see that if p is a point in the open subset of P h+k−1 where f restricts to an isomorphism, then the lines through p induce a family V of conics on X. Since the birational map f −1 : X P h+k−1 is defined by a subspace of H 0 (X, O (1)), it follows that X has rationality degree 2.
We want to show that if X is as in i), then X ∼ = Q n ⊂ P n+1 . Let us assume that Pic(X) ∼ = Z. Let Z be the base locus of φ V : X P n . Note that if a curve C in the family V is reducible, then C has exactly two components. Proof. Let D ∈ Γ be the general divisor. Note that D is irreducible. Indeed, the assumption on the rationality degree implies that not all the curves parametrized by V are irreducible. Since Pic(X) ∼ = Z, any effective divisor is ample. If D is not irreducible, then each irreducible component of D has positive intersection with each component of the reducible curves parametrized by V , leading to a contradiction.
By Bertini Theorem D is smooth away from Z. Assume that D ∈ Γ is singular at a point z ∈ Z. Note that dim ϕ * (τ −1 (z)) > 0 (cfr. Diagram 3). First we want to show that no component of the curves parametrized by V is contained in Z. On the contrary, assume that there exists a curve
Hence, we can find a point [C ′ ] ∈ V such that, if C ′ is the corresponding curve on X, C ′ contains the point z and the intersection of C ′ and D is proper. It follows that D · C > 2, a contradiction. The same argument can be used to show that all the curves parametrized by V are smooth along Z.
Let d := codim X Z be the codimension of Z in X. It follows that we can inductively define the following flag of smooth polarized varieties:
where X i is the birational transform of the general linear subspace P n−i and D i is the restriction of the divisor D i−1 to X i , for i = 1, ..., d − 1. Note that the restricted birational map φ |X i : X i P n−i is defined by a linear system Γ i that is the restriction to X i of Γ i−1 ⊂ |D i−1 |. Note also that D i · C = 2 for any curve that is the preimage of a line in P n−i . For any i = 1, ..., d − 1, we have the following exact sequence: P n−d+1 is a morphism.
We want to show that the base locus Z of Γ is a point. By Proposition 3.6 and remark 3.7 we can assume that dim X ≥ 3. Note also that, by Lefschetz-Sommese theorem, we have that ρ(X i ) = 1, for any i = 1, ..., n − 3.
Assume that 1 ≤ codim X Z = d ≤ n − 2. In this case, the linear system Γ d−1 has a fixed component and the restricted map φ |X d−1 : X d−1 → P n−d+1 is a morphism. Recalling that ρ(X) = 1, we get that X d−1 ∼ = P n−d+1 . A Theorem of Bȃdescu, (cf. [1, Theorem 5.4.10]), implies that X d ∼ = P n−d . Using Bȃdescu's result inductively, we get that X ∼ = P n , a contradiction.
Assume that codim X Z = d = n − 1. In this case, Z is a curve, X n−2 is a smooth surface and the restricted map φ |X n−2 : X n−2 → P 2 is a morphism. Any effective divisor B ∈ H 0 (X n−2 , D n−2 ) can be written as B = C + Z, where C belongs to the family V n−2 . The following relation holds: The exact sequence (5) shows that h 0 (X n−3 , D n−3 ) = 6 + Z 2 = D 3 n−3 + 3. Since D n−3 is very ample, the threefold X n−3 is a variety of minimal degree in P Z 2 +5 (cf. [4] ). By Theorem 1 in [4] , X n−3 is a smooth scroll, a contradiction.
To conclude observe that since the base locus Z is a point, we have D n = (D |D ) n−1 = 2.
From the short exact sequence (5), we deduce that H 0 (X, D)) = n + 2. This implies that X is a smooth variety of minimal degree of codimension 1, that is X ∼ = Q n ⊂ P n+1 .
